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8 ■ Abstract 

Photon splitting due to vacuum polarization in a laser field is considered. Using an operator 

<d ; 

C/3 . technique, we derive the amplitudes for arbitrary strength, spectral content and polarization of 

the laser field. The case of a monochromatic circularly polarized laser field is studied in detail and 
^ ■ the amplitudes are obtained as three-fold integrals. The asymptotic behavior of the amplitudes for 

various limits of interest are investigated also in the case of a linearly polarized laser field. Using 
the obtained results, the possibility of experimental observation of the process is discussed. 
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I. INTRODUCTION 



Vacuum polarization is known to result in such nonlinear Quantum Electrodynamics 
(QED) effects as coherent photon scattering and photon splitting in an external electromag- 
netic field. Photon scattering in the electric field of atoms (Delbriick scattering) has been 
investigated in detail both theoretically and experimentally . Recently, an essen- 

tial progress in the understanding of the photon splitting process in an atomic electric field 
was achieved and the first successful observation of photon splitting was performed 

It turned out that higher orders of the perturbation theory with respect to Za, play an 
important role and drastically modify the cross sections of Delbriick scattering and photon 
splitting at high photon energy (here, Z is the nuclear charge number, a = e 2 = 1/137 is the 
fine-structure constant with e being the electron charge, the system of units H — c — 1 is 
used). Therefore, the theoretical and experimental investigation of photon splitting gives the 
possibility to verify QED in the presence of strong external field when the nonperturbative 
effects in the field strength (contributions of higher-order terms) are very important. 

Photon splitting in a constant and uniform electromagnetic field for arbitrary values of 
the field strength was considered in numerous papers because of the potential astrophysical 
implications of the process (see, e.g., Refs. Bay , lll|, 112J). The possibility of observing 



photon splitting in the electric fields of single crystals at high photon energies was investi- 

gated ta U 8Plittmg d , t „ _ P0 „ n m . « m— Plasma 

was discussed in [14| . 

Photon splitting in a laser field with arbitrary strength and frequency content has never 
been considered before for an arbitrary energy of the incoming photon. The kinematics of 
photon splitting depends essentially on the structure of the external field. In the Coulomb 
field, the wave vector ki of the initial photon and the wave vectors &2 and fc 3 of the final ones 
are, in general, not coplanar. In a constant and uniform electromagnetic field, the initial and 
final photons are almost collinear (up to nonzero photon mass due to vacuum polarization 
in the external field). In a classical electromagnetic plane wave, due to energy-momentum 
conservation, the initial and final photons are coplanar in the frame where the laser wave 
propagates in the direction anti-parallel to k%. Throughout the paper we refer to this frame 
as the laboratory frame. The structure of the photon splitting amplitude in a laser field 
depends on the value of two Lorentz-invariant parameters. In the laboratory frame they are 
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given by 
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(1) 



where iO\ is the energy of the initial photon, uj and E are the characteristic frequency 
and electric field strength of the laser pulse, E c = m 2 /\e\ = 1.3 x 10 16 V/cm is the critical 
electric field and m is the electron mass. For a monochromatic laser field, co>o and E in Eq. 
([T]) are the laser frequency and the root mean square of the laser electric field. For rj <^ 1 
and x ^ 1) photon splitting in a monochromatic laser wave was considered in 15| in the 
leading approximation with the help of the Euler-Heisenberg Lagrangian. The contribution 
to the amplitudes of photon splitting linear in x but at arbitrary rj is nothing but the usual 
photon-photon scattering which was studied in detail theoretically (see, e.g., |l6j) but never 
observed experimentally [n]]. The possibility to observe "laser-assisted" photon-photon 
scattering by using the next generation of petawatt lasers has been investigated in 18|, Il9 |. 
Other processes related to photon-photon scattering and initiated by vacuum polarization 
in the presence of the superposition of two laser fields, or a laser field and a Coulomb field 
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have been considered in 

For the strongest optical (ujq ~ 1 eV) laser beam available today the laser intensity is 
/ m 10 22 W/cm 2 and the corresponding electric field amplitude is E ~ lO^ 4 ^ 24]. The 
Extreme Light Infrastructure (ELI) project aims at reaching laser intensity values higher 
than 10 25 W/cm 2 corresponding to E ~ lO -2 ^. The X-ray Free-Electron Laser (X-FEL) 
facilities presently being developed at DESY (Hamburg, Germany) and at SLAC (Stanford, 
USA) are intended to provide spatially coherent and highly brilliant beams of synchrotron 
radiation with single-photon energies up to 8 -r- 12 keV at a maximum intensity ~ 10 15 W/cm 2 
corresponding to a field strength of E ~ 10~ 7 E C 26]. The above mentioned projects have ini- 
tiated intensive investigations of various QED processes that can be experimentally observed 



when using these future facilities 
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29]. On the other hand, sources of high-energy 



photons are nowadays available in a wide range of photon energies spanning from tens of 
MeV up to hundreds of GeV. It will then be possible to reach experimentally unexplored 
regions for the values of the parameters rj and x where vacuum polarization effects in a laser 
field, and photon splitting in particular, are essentially nonperturbative. 

In the present paper, we derive the amplitudes of photon splitting in a plane wave 
described by an arbitrary four-vector potential A p (0) = (0, A(<f>)), where = xi with 
x = (1, x), x 2 = 0, and x • A(<f>) = 0. At a first stage, we do not assume that the plane 



wave is monochromatic or even periodic. It is convenient, without loss of generality, to 
consider the process in the laboratory frame, i.e. in the frame where k\ is anti-parallel to 
the vector x. The calculations are performed by using the operator technique developed 



in Refs. 



30 



for the calculation of the polarization and mass operators in a laser field. 
Alternative forms of these operators were derived independently in Refs. 
of a different method. The results of Refs. 
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30 



331 ] by means 



311 ] and Refs. [32|, |33j are in agreement 



with each other. The operator technique allows one to find the amplitudes without using 
the explicit form of the Green's function for the Dirac equation in the external field. This 
circumstance considerably simplifies the calculations. 

The rest of the paper is organized as follows: in Section II we describe the general prop- 
erties of the photon splitting amplitudes. Then, starting from the operator representation of 
the amplitudes, in Sections III and IV we calculate the explicit expressions of the amplitudes 
for a general vector potential of the form A(<f>). In Section V we consider a monochromatic 
laser field with particular emphasis on the case of a circularly polarized laser field. In Section 
VI we analyze various asymptotic forms of the amplitudes both for a circular and for a lin- 
early polarized field. The possibility of the experimental observation of photon splitting in a 
laser field is discussed in detail in Section VII. Finally, in Section VIII the main conclusions 
of the paper are presented. 



II. GENERAL DISCUSSION 



The amplitude M of the photon splitting process of a photon with four-momentum k\ = 
(c<Ji, fci) into two photons with four-momenta k 2 = (^2, ^2) and k% = (co>3, ^3) with k\ = k\ = 
k\ = is represented by the Feynman diagram shown in Fig. HJ The corresponding formal 
expression for M in the Furry representation reads 

M = ie 3 [ d 4 xTr(x\e- iklX ei- (? k2X e* 2 - e ikaX e* 3 -„ \x) 

J V — m + iO V — m + zO V — m + iO 

+(h <-> k 3 , e 2 <-> e 3 ) , (2) 

where is the initial photon polarization four-vector, and e 3ll are the polarization 
four- vectors of the final photons, V = with = id^ — eA^x) and 7^ being the Dirac 
matrices. The factor (47r) 3//2 , contained in the external photon wave functions, has been 
included into the formula for the probability of the process. The calculation of the amplitude 
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M is essentially simplified by using the Green's function D(x2, x±) of the "squared" Dirac 
equation: 

D(x 2 , xt) = (x 2 \f- — (3) 

y — m z + tu 

As shown in [5J, the expression of M can be written as a sum of two contributions containing 
either three or two Green's functions D(x 2 , xi): 

M = M^ p e^e* 2u e* 3p = M (2) + M {3) . (4) 

The term has the form 

M< 2 > = m[ 2) + M 2 (2) + M 3 (2) (5) 

, \ e i(k 2 +k 3 )x 1 I 

V 2 - m 2 + iO V 2 - m 2 + z'O 



M( 2) = -ie 3 (e*e*) /d 4 xTr(x|e- ifclx (2 ei P - eA)-, - e ^+^>- _ _^ 



M 2 (2) = -ie 3 (e ie * 3 ) [d 4 xTr(x\e ik2X (2e* 2 V + e* 2 h 2 )- e i(k 3 - kl) x_^ 1 1^ ^ 

J V 2 — m 2 + iO V 2 — m 2 + iO 

Mf ] = -ie*(e x e* 2 ) [d 4 xTr(x\e ihsx (2e* 3 V + efk 3 )-* e Hk2-kx)x_ 1 1^ _ 

J ' V 2 — m 2 + z'0 V 2 — m 2 + iO 



The term is given by 



M (3) = l _ e z J dx r Ii{x\e~ iklX {-e l ki + ^e 1 V) 



V 2 - m 2 + z'O 



xe ite (e^ 2 + 2e;P) \ - e*"(e& + 2e*P) 1 Is) 

+(k 2 <-> fc 3 , e 2 <-> e 3 ) . (6) 

For each photon with the four- momentum fcf (i = 1,2,3) it is convenient to introduce 
two vectors ef x , (Aj = 1,2) 



a° = 0, (a A ) 2 = l, o 1 -a 2 = 0, o A -x=0. (7) 



Due to gauge invariance, it is possible to write the tensor ]\A^ vp introduced in Eq. (j!J) for 
real photons in the form (see Ref. [30]): 

= - J2 R ^ £ i,xAxAm , (8) 

Ai,A 2 A 3 =l,2 

For the coefficients R\ 1 x 2 \, i we have 

R \i\2\s = •^^P £ l,Ai £ 2,A 2 £ 3,A 3 • ( 9 ) 
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So, the coefficients -RaiA 2 a 3 can be calculated from Eqs. ((SJ) and (jSJ) by the substitution 
ef — ► ef A .. Using the coefficients R\ 1 x 2 \ 3 , we write the amplitude M of photon splitting in 
the laser field as 

M = - Yl R XiX 2 x 3 (£i,x 1 ei)(e 2M e* 2 )(e 3M e* 3 ) ■ ( 10 ) 

Ai,A 2 A 3 =l,2 

This expression of the amplitude M is very convenient because it automatically provides 
the fulfillment of the gauge invariance principle. As a consequence, it is not necessary to 
perform the subtraction in the calculation of the lowest-order photon splitting amplitude, 
described by the photon-photon scattering diagrams. 

We perform the calculations in terms of the helicity amplitudes M fflff2 „ 3 , with Oj = ±1. 
In this case, the polarization vector e a of each external photon with the wave vector k 
and the energy to satisfies the relations e a ■ k = and e a x k = iauje a . Due to momentum 
conservation in the laser field, the final transverse momenta k 2 ± and k 3 ±_ (with respect to the 
laser propagation direction) are equal in modulus and opposite in direction: k 2 ± = —k 3 ± = q 
and q ■ a = q ■ ki = 0. We direct the vector a,\ along the vector q, so that a 2 = *t x a%, 
then 

e 2 , CT2 = —7=( a 2- io 2 a 2 x k 2 /u 2 ) , 

63,(73 = \7i^ a2 ~ ia ' ia2 X fcs /^ 3 ) • ( n ) 

The corresponding polarization four- vectors e^ ffi = (O,e i o -J have the following products 
with the four- vectors e^: 

£l,Ai e l,<n - — ^(^l^Ai.l + ^1,2) , 
£2,A 2 e2,a- 2 = -/=( icr 2^A2,l - ^2,2) , 

e^e^ = -^0'°3<5a 3 ,i - ^3,2) • (12) 

These useful relations allow us to state that the amplitude M CTlcr2<T3 can be obtained from 
the coefficient Rx 1 \ 2 \ 3 by the substitution in the latter: 

a Xl -»• --j={iaiai + a 2 ) , a X2 -> — / =(-ia 2 a 1 + a 2 ) , a Ag -> — (-ia- 3 Oi + a 2 ) . (13) 



The energies 002,3 and the parallel components ^2,3 11 — > l% ^2,3 of the momenta of the final 
photons are functions of the transverse momentum q and of the energy Q absorbed from 
the laser field, Q = u 2 + u 3 — Ui. It is convenient to introduce the quantities 

xfc 2 ,3 1 =F cos O n 
"2,3 = — = = , cos O = 

KK\ 2 

The angle 0o coincides with the angle between the vectors k 2 and x in the frame where 
k 2 = — &3, so that q 2 < U\£l. Then 

UJ 2 = U X V 2 + ^3 , k 2 \\ = —0JxV 2 + ^^3 

U3 = uj x V3 + Vlv 2 , k 3 \\ = —uiu 3 + Vtv 2 . (15) 

It follows from Eqs. (jSJ) and (jSJ) that, like the amplitude M, the coefficients -RaiA 2 a 3 can 

(2) (3) 

also be presented as the sum R\ 1 \ 2 x 3 = R\^\ 2 \ 3 +-^AiA 2 a 3 - m or d er to explain the application 

of the operator technique to the calculation of the photon splitting amplitude, we present 

(2) (3) 
the derivation of the contribution R\ \ x . The calculation of R\ \ , can be performed in a 

A1A2A3 A1A2A3 r 

similar way and only the final result is given for this contribution. 




III. CALCULATION OF R 



(2) 

A1A2A3 



We direct the vector x along the z-axis and pass from the variables t and z to the variables 
= xx = t — z and T = (t + z)/2. In this way 



p° = id t 



- p T /2 , p z = -id z = -pj + p T /2 



-ids , Pt = -id T . 



Then, we use in Eq. (JSJ) the representation of the operator Green's function derived in 31] 

1 



V 2 - m 2 + iQ 



00 



1 I ds exp(— ism 
'0 



/, / ds exp[is(V — m )] 


ex 



1 + 



2p T 



[A{<p + 2sp T )-A{4>)} 



x exp 



/ ds'(p ± -eA((f) + 2s'p T )y 
Jo 



exp(2ip (t) p T ) . 



(16) 



As before, the index _L indicates transverse quantities with respect to the laser propagation 
direction x. Now, we pass in Eq. (jS]) from the integration over the variables T and x± to 
the corresponding momenta pr and p± in accordance with 



dT{T\...\T) 



dpr 
2tt 



(Pt\-\Pt) , / dx_ L (x±\...\x_ L ) 



(2nY 



(P±\-\P±) ■ 



We also exploit the relations 

exp(2zsp0p T )5 l (0) exp(-2isp^p T ) = g{4> + 2sp T ) , exp(2isp^pr)\(f>) 



2sp T ), (17) 



valid for an arbitrary function g((p) of the variable <fi. Besides, the matrix elements (pt\---\pt) 
and (p_l|...|p_l) become 



(p T \ exp[i2a; 1 T(z/ 2 + u 3 - l)\pr) = 2n5 (2ui(v 2 + v 3 - 1)) 



(p_l| exp[-icc_L ■ (fe 2 ± + fe3±)]|p±) = (2n) 2 5(k 21 _ + k 



3-U 



(18) 



The factors (|18|) are common to all amplitudes. They will be omitted below in the expres- 
sions of the amplitudes and will be taken into account in the usual way in the formula for 
the probability of the process. The matrix element also becomes the 5-function con- 

taining the variable pt in its argument. Therefore, the integration over pt becomes trivial 
as well as the integration over Following the procedure pointed out above and using the 
useful relations 



k% = ttv-^ + v 2 k1 + g M , k% = VLv 2 ^ + lAjjfej 1 - , 

k 2 k 3 = 2fico>i , k 2 ki = 2VLoj\u 3 , k 3 k\ = 2Quif 2 , q 2 = AVLujiu 2 ^ 



(19) 



with g M = (0, q), we arrive at the following result for R\l\ 2 \ 3 - 



R 



(2) 

A1A2A3 



me" 



(27T) 



■ £ * 

J'=l,2,3 



(J) 



dsi ds 2 
(si + -s 2 ) : 



>exp \i\l(p + z - - y?j - z(si + s 2 J 



-2a A; 

Here we defined the quantities 



S + * 2 ) 2 



exp[-z'(si + s 2 )] 



dyA 2 (ytp J 



dyAiycpj) + 

^SiS 2 



«a, • A(^ 



(20) 



5(i) = 5a 2 a 3 , 5(2) = 5 Ai a 3 , 5(3) = 5 Xl \ 2 , 

(v?i, <p 2 , ^3) = * 2 (1, -f2, -^3) , A(u) = — [A(0 + 4wu;i/m 2 ) - A 
si + s 2 m 



(21) 



In the parametrization of the Green's function we made the substitution s — > s/m 2 . As it 
has to be according to the Furry theorem, the contribution ([2"0l contains only odd powers 
of the external field. The explicit result of the integration over depends on the form of 
the function A(0). For a monochromatic wave, the integral over can be easily performed 
(see Section V). 



8 



IV. CALCULATION OF R 



(3) 

A1A2A3 



(3) (2) 

The calculation of the contribution is similar to that of -R AiA2Aa , but considerably 

more cumbersome. In order to bring the answer into a relatively short form, we introduce 
the convenient notation 



c 52^2 - S3V3 

S = s 1 + s 2 + s 3 , n = g , r 2 = v 2 - ri , r 3 = v 3 + n , 

= A(s 2 r 2 y + s 3 r 3 (l - y)) , D 2 (j/) = A(s 2 r 2 y) , D 3 (y) = A(s 3 r 3 y) 
1 f 1 

F =Sj d y^iDi(y) + s 2 D 2 (y) + s 3 D 3 (y)], 



F n = SF 2 



dy[ Sl D\{y) + s 2 D 2 2 {y) + s 3 D 2 3 {y)} 



G = ^j\y [a a (A(y) - i>2(y)) + s 3 (iMv) - A(y))] 



(22) 



and use the relation siTi = s 2 t 2 — s 3 t 3 . Before taking the trace over the 7-matrices, we 

(3) 

obtain the following compact representation for R\^\ 2 \ 3 '■ 



R 



(3 ) _ me" 
A1A2A3 g 7J . 2 




dsi ds 2 ds 3 



x< -Tr 
4 



-2a Aa • N 3 + 



S 2 



1 + 



cxp 
mhd 3 



« 00 H 57; h F - S + p ■ G 



m 



2lu 



w?S 



-2o Al • JVx - 



m 



x 1 + 



4? 



mkd 2 
~2uo7 



-2a A2 • iV 2 + 



1 + 



mfcdx 
2uo, 



+ — [S (1) a Al • (JVi - V) + 5( 2 ) a A2 • (iV 2 + z/ 2 V) + <5 (3) a A3 • (iV 3 + 
+ (2^3, p^-p), 



(23) 



where 



P - Ni = F — , N 2 = F — D 2 (l) + — — 

m d oz/ 2 

iV 3 = F - D 3 (l) + , V = ~(d x + d 2 + dg) , 
£> 2 (1)-£> 3 (1) . Da(l) . D 8 (l) 

"1 — ^ ) "2 — - ~ j "3 



(24) 



2 n 2t 2 ' 2r 3 

The substitution (2 <-> 3 , p — > — p) in Eq. fl23|) results in the replacement iVi(p) — ► 
Ni(—p), N 2 (p) — > iV 3 (— p), and N 3 (p) — > N 2 (—p). In fact, the role of the term with the 



substitution (2 3 , p — > — p) is to provide the fulfillment of the Furry theorem (-R A 3 lAaA3 
contains only odd powers of the external field). Therefore, the sum of the two terms is twice 
the odd part of the first term with respect to the external vector potential A((f>). Finally, 
we take the trace and obtain: 



oo 

,3 



d(3) ime fff ds 1 ds 2 ds 3 f \-(r>i . 4^ifis 2 s 3 \ 

R x'x^ = -^T JJJ s~2 J #exp|z^ + +F -S + p-Gj 

o 



x / - 4(a Al • A^K, ■ N 2 )(a x . 3 ■ N 3 ) + 4(a A2 • N 2 )(a X3 • iV 3 )(a Al ■ V) 

-4i/ 3 (o Al • iVi)(a A2 • N 2 ){a x , ■ V) - 4z/ 2 (a Al • iVi)(a A3 • iV 3 )(a A2 • V) 

+(a Al • N i){ [P 2 ^ 2 3 X[i + [P ' ( d i - d 2~ ds)]x 2 x 3 - 2v 2 v z \d x ■ (d 2 + d 3 )]A 2 A 3 j 

-(a A2 • iV 2 )| [p 2 ^ AlA3 + [p • (dx + d 2 - d 3 )] AlAs - 2z/ 3 [d 3 • (d! + d 2 )] AlA3 | 
-(a A3 • iV 3 )| [p 2 ^ AlAz + [p • (di - d 2 + d 3 )] AlA2 - 2z/ 2 [d 2 • (d! + d 3 )] Al A 2 } 
+(a Al • p)[p • di]A 2 A 3 - — (oa 2 • P)[p ■ d 3 ]AiA3 - — ( a A 3 • p)[p • ^Ja^ 

^2 ^3 

_ 7r"l [ a Ai ■ ^i]a 2 a 3 [ a A 2 ■ d 3 ] AlA3 [a A3 • d 2 ] AlA2 \ 

* I v 2 v 3 J 

1 p 2 

+ (a Xl ■ P){a\ 2 ■ p)(a X3 • p) - -. [5(i)(o Al • p) + 5(2) («a 2 ■ p) + <5 (3) (a A3 • p)] 

V 2 V-$ 4Z/ 2 t/ 3 

[5 {1) a Xl ■ (JVi - V) + 5 (2) a A2 • (JV 2 + i/z V) + 5 (3) a A3 • (iV 3 + ia,V)] 
+C/i -V2U2- v-s U 3 + 2z/ 2 z/ 3 C/ 4 ^ + (2 <-> 3 , p -> -p) . (25) 
Here, we introduced the operator 

[X ■ Y] XlXj = (X ■ axMY ■ aO + (X ■ a A J(Y • a A J - (X ■ Y)(a Xl ■ a Xj ) (26) 
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for any two vectors X and Y and we used the abbreviations 



Ut = -(a Xl ■ p)\d 2 ■ cZ 3 ]a 2 a 3 + («a 2 ■ p)[d 2 • d 3 ] Xl \ 3 + (a Ag ■ p)[d 2 ■ d 3 ] Xl \ 2 
+2(a Al • p)(a X2 • d 2 )(a x , i ■ d 3 ) - (d 2 ■ p)[d 3 ■ a A2 ] AlAs - (d 3 ■ p)[d 2 ■ a x . A ] XlX2 , 

U 2 = (a Xl ■ p)[dx ■ d 2 ]A 2 A 3 - («a 2 • p)[di ■ d 2 ] XlXs + (a Ag • p)\d x ■ d 2 ] XlX , 2 
+2(a x . 2 ■ p){a Xl ■ d 2 )(a X3 ■ d x ) - (di • p)[d 2 ■ a A3 ] AlAa - (d 2 ■ p)[d\ ■ a Xl )x 2 x 3 , 

U 3 = (a Xl ■ p)[di ■ d 3 ]A 2 A 3 + («a 2 ■ p)[di ■ d 3 ] AlAs - (a Ag ■ p)[d l ■ d- 3 ] XlX2 
+2(a x . i ■ p)(a Xl ■ d 3 )(a X2 ■ dx) - {d x ■ p)[d 3 ■ a A2 ] AlAs - (d 3 • p)[d x ■ a Al ] AaA3 , 

U 4 = (a Al ■ d 2 )[di • d 3 ] A2As + (a Xl ■ d 3 )[di ■ d 2 ] A2A3 - (a Al • di)[d 2 ■ d 3 ] AzA3 

+2(a Al • di)(a Aa • d 2 )(aA 3 ■ d 3 ) + (d a ■ d 2 )[d 3 ■ (5 {2) a X2 - 5 (3) a X3 )] 

-(di ■ d 3 )[d 2 • (5 (2) a A2 - 5 {3) a A3 )] - (d 2 ■ d 3 )[di ■ {5 {2) a X2 + 5 (3) a A3 )] . (27) 

Equations (|20|) and (1231) are valid for an arbitrary vector potential A(<f>) and they are our 
starting point for further consideration. The simplest case A(<fi) = —Eo<j>, where is 
a constant vector perpendicular to *c, corresponds to the so-called crossed field with the 
electric field E = E Q and the magnetic field H = k x E , \H\ = \E\. In this case there 
is no energy and momentum transfer from the field so that Q = and q = (the momenta 
k 2 and k 3 of the final photons are parallel to the momentum k\ of the initial photon). Note 
that in this case the expansion of the amplitudes over E /E c starts with the terms of order 
of (Eo/E c ) 3 while the linear terms in i?o/-Ec_yanish. We have checked that for a crossed field 
our amplitudes agree with those found in 11]. 

V. PHOTON SPLITTING IN A MONOCHROMATIC PLANE WAVE 

Below, we consider the external field to be a monochromatic plane wave with the fre- 
quency ojq. In this case, the helicity amplitude M aia2CT3 has the form 




(28) 



n=l 
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after the integration over the variable 0. In the above equation the prime means the sum- 
mation over odd numbers n and where M n)(Tl0 - 20 - 3 denotes the invariant amplitude of the 
photon splitting process with absorption of n laser photons. Using the usual Fermi golden 
rule, we obtain for the photon splitting rate dW n 

dW n>aia2a3 = | M n .o- 10 - 2 (T3 1 tt = \M niCria2Cr3 1 dv 2 d(f)q , (29) 

UJ\ UJ\il n COS f/o UJ\ 

where Q n = uuq, cos^o is defined in Eq. ( Tl^l) . and <p q is the azimuth angle of the vector 
q in the plane perpendicular to x. We remind the reader of the fact that q is a two- 
dimensional vector perpendicular to x and k%. Besides, dq/(uifl n cos^o) coincides with the 
differential of the solid angle of the vector k 2 in the frame where U\ = Q n . It is also useful 
to express the rate dW njaia2a3 in terms of the polar angle 6 2 = Z(fc 2 ,x) (or of the polar 
angle #3 = Z(fc 3 , x)). Using the expressions (fT5|) valid for any Q we obtain the relations 



u 2i3 = — ^ , cot(0 2 /2) cot(0 3 /2) = — . (30) 

l + ^-cot 2 (^ 3 /2) 



As a result, we find from Eq. ([29]) that 

7T 

a 



a\m —\m |2 sin 9 2 d6 2 d(j) q 

sin 2 (e 2 /2) + ^cos 2 (^ 2 /2) 



In the general case of an elliptically polarized and monochromatic laser wave, the vector 
potential reads 

A(4>) = A x cos(cj o 0) + A 2 sin(u;o0) , (32) 

where Ai ■ A 2 = Ai ■ x = A 2 • x = 0. Generally speaking, the vectors Ai and A 2 are 
not parallel to the unit vectors a,i and a 2 introduced in Eq. ([7]), respectively, as there is an 
azimuth asymmetry of the photon splitting amplitude for an elliptically polarized laser wave 
(we point out that a\ has been chosen to be parallel to q). However, in a circularly polarized 
laser field it is |Ai| = \A 2 \, then the photon splitting rate is symmetric with respect to the 
azimuth angle <p q of the vector q, and the vector Ai can be directed along a\. 

The photon splitting rate can be converted into a cross section according to the relation 

* = *-^ + - 4 ^^ + ®- < 33 > 

with $ being the laser photon flux and £i i2 = eA lj2 /m. Note that this cross section has 
a restricted meaning because in the presence of a strong field it still depends on the laser 
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flux through the parameters £1^. In terms of the parameters £1^ and 77, the parameter x 
introduced in Eq. ([T]) has the form \ — vV (£1 + 

The integral over <p in Eqs. ([201) and ( 1251) can be taken analytically for an elliptically 
polarized laser wave. However, the result is very cumbersome even in the case of linear laser 
polarization. This is why we limit ourselves to the case of a circularly polarized laser field. 
In this case the answer is essentially simpler (but not simple). Thus we set \Ai\ = \A 2 \ = A, 
£1 = £2 = £ = eA/m and direct Ai along a,\ and A 2 along a 2 (for positive helicity (p.h.)) 
or A 2 along —a 2 (for negative helicity (n. h.)). Only the case of positive helicity of the 
laser field will be considered below and the amplitudes for negative helicity of the laser 
field polarization can be obtained by means of the relation M aia2a3 (n. h.) = —M^ 2 „ 3 (p. h.), 
where <7j denotes the helicity opposite to <Xj. 

Now, by using the substitution rule of Eqs. ffTB"]) and by carrying out the change of 
variables Si = us and s 2 = (1 — u)s in Eq. (|20|) . we obtain for the nonzero contributions of 



M, 



(2) 



n,o-icr 2 o-3 the following result 



(2) 



M. 



G{v) = S nl 



(2) 



G(l)+G(-v 3 ), M n ^_ + 

m£e 3 f°° ds f 1 , 

— / etwexp 



G(l) + G(-v 2 ), M< 2 L_ 



G{-v 2 ) + G(-i/ 3 ) 



A^2 



xe 



id 



2i 



j0 



Tt* JO 

sinii 



+ 





sin $ 



-is 



sin $ 

d 2 



u(l 



u 



d = 2u(l — u)srjv . 



(34) 



(3 s ) 

In order to write MA,o- l0 - 20 - 3 in a compact form, we introduce the following definitions 



fj = sin^r/s^y 2 ^ 

e 



f2 fz 



TlV \ S 2 T 2 S 3 T 3 



argC 



^0 = 



IAI 2 + -|/ 2 | 2 



V 2 , r 12 V 3 I , ,2 
Ii3| 



•'i// 2 .sVr,v, : . V n ~, -j 



5 



/0, 



2^nr]u 2 u 3 , 5 = si + s 2 + s 3 . 



(3) 

In terms of these functions, the contribution Mn^xam has the form 



(35) 



n,<Ti<72 (73 



me 



4V2?r 2 




dsi ds 2 ds^ 
S~ 2 



exp 



/ ( 4nr7-^ + F Q 



S 



x 



e-^ n+j ^° J n+J (Z)B 3 



0"lO"20"3 ) 



(36) 



where Ji(Z) are ordinary Bessel functions. The coefficients Bj^ 1U2a3 are expressed via the 
functions fj introduced in Eq. fl35|) and they are presented in the Appendix. The expressions 
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(I34|) and (I36I) are valid for any value of the parameters r\ and £ = x/V- As it is clear from 
Eq. fl36|) . the photon splitting amplitudes are not equal to zero for any number of absorbed 
laser photons. This is because the angle between the two final photons is not zero (p n 7^ 0) 

and the conservation of the projection J z of the total angular momentum does not imply any 

(2) (1) 

selection rule. Note that the expansion of the amplitude M n ^ 1U2a3 = M n ^ 1(J2(JZ + M\,l ia2(Ji 
for a fixed n (see Eqs. ( 134"]) and (I36I) ). contains in general all odd powers k of the parameter 
X (or, equivalently, £) starting from k = n. The terms with k > n in M nj(Tl(J20 - 3 correspond 
to rescattering processes of absorption and emission of laser photons with a net absorption 
of n laser photons. 

(2) (3) 

In the next Section we consider the asymptotics of the amplitudes MA, CT1 0-20-3 and M„ iCTl(72(7 3 
in some limiting cases. 

VI. ASYMPTOTICS OF THE AMPLITUDES 

Various limiting cases of the photon splitting amplitudes for a monochromatic plane wave 
are studied in this Section. 

A. Amplitudes for small r/ and small x 

We first consider the case of both small rj and Xi V ^ 1 an d Y •C 1- Then, the leading 
contribution to the amplitudes is determined by the ratio rj/x 2 [ijj]- For rj/x 2 ^> 1, the 
nonzero amplitudes in the leading approximation are given by the linear terms in x i n 
Eqs.f l34p and fl36|) and correspond to n = 1. We obtain 

M li+++ = 1LV, M li+ __ = -2(1 - u 2 p 3 )M , Mi__+ = llu 2 Af, 
M^.^N, A^-gg. (37) 

These amplitudes are nothing but the usual photon-photon scattering amplitudes for small 
Mandelstam variables s = Ar/m 2 , t = —Ar/^m 2 and u = —Ar]u 3 m 2 (see, e.g., [3]). For 
v/x 2 ^ I; the leading contributions are proportional to x 3 an d correspond to both n = 1 
and n = 3. The nonzero amplitudes in the leading approximation are given by 

37 ~ 

M li+ _ + = M lj++ _ = M lt = jV , 

M 3>+ __ = ijV , TV = -— . (38) 
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These results are in agreement with those obtained in [1 



B. Amplitudes for small 77 and fixed \ 

We proceed now to the region of parameters r\ -C 1 and x fixed. In this case the leading 
terms of the amplitudes in a circularly polarized laser field contain all powers of x but only 
for n — 1 and n = 3 they still are not equal to zero. The reason is the following: at 77 <C 1, 
in a frame where u\ 3> co>0; the vectors k 2 and k 3 are almost parallel to ki and anti-parallel 
to x. Since the clockwise polarized laser field contains photons with projection of the total 
angular momentum J z = +1 then, due to the conservation of J z , only the values n = 1 

and n = 3 are allowed and only the amplitudes M 1++ „, M 1+ „ + , and M 3 H are 

different zero. For these amplitudes we found in the leading approximation with respect to 
?/: 








+S [ziz 2 z 3 - v 2 v 3 z x + v?Zi + ^3^3 _ ^3(1 + £3)] f + £W + £(-^3) ; 








+S [ziz 2 z 3 - v 2 v 3 z x t\ + v 2 z 3 + v 3 z 2 - v 2 v 3 {\ + t\)] \ + G(-v 2 ) + Q{-v 3 ) ; 



00 








xS \z x z 2 z 3 - v 2 v 3 z x t\ + v 2 z 3 t\ + v 3 z 2 t\ + 2z/ 2 z/ 3 t 1 £ 2 t 3 ] • 



(39) 



Here we introduced the following quantities: 




1x\{x 2 v 2 + x 3 v 3 ) + 2x 2 x 3 - 1 , z 2 = 2xi(-x 2 u 2 + x 3 z/ 3 ) - 2x 2 a;3 + v 2 , 



^0 



2xi(x 2 z/ 2 - X3Z/3) - 2x 2 x 3 + v 3 , Xj = —, tj = l-2xj 
^X 2 S 3 [xi x l + 2xix 2 x 3 {v 2 x 2 + z^a^) + x\{y 2 x 2 - v 3 x 3 ) 2 } , 



^ 2 2 2/i \2 3 

-V X u (1-u) S . 



(40) 
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The amplitude Mi j+ _ + is obtained from Mi )+H by the replacement v 2 <-> v$. Equations ( |39|) 

are independent of the parameter r\ and are valid for arbitrary values of %■ The linear terms 
of the expansion of these amplitudes with respect to x vanish. Then, the expansion starts 
with the terms proportional to x 3 t na t coincide with Eqs. (|38|) . As it is known, both the 
electromagnetic invariants F liV F tlv and e /lupa F tJ ' 1/ F pa are equal to zero for a plane wave, F^ v 
being the tensor of the electromagnetic field. The Euler-Heisenberg Lagrangian depends on 
these two invariants but not on x which in our case has the form x — a/— (eF^A;^) 2 / (2m 3 ). 
Therefore only the terms (1381) can be obtained by means of this effective Lagrangian but 
not the total answer ( |39i) . Thus, the applicability of the Euler-Heisenberg Lagrangian to 
the calculation of the photon splitting amplitudes is restricted by the conditions 77 <§C 1 and 
X <C 1. It is worth noting that the region of applicability of the small- x asymptotics is very 
narrow. For instance, at % = 0.1 the difference between the leading terms fl38l) and the 
exact result (|39|) is already around 20%. We illustrate the importance of high-order terms 
in x m Fig- El where we show the total photon splitting rate W at intermediate values of 
the parameter x- The solid line is obtained by using the amplitudes (1391) . the dashed line 
by employing Eq. ( 1381) . 

At uji ^> m it is very difficult to measure the energy of the final photons with the accuracy 
necessary to distinguish between the process of photon splitting with one-photon absorption 
and three-photon absorption. However, there is another possibility to distinguish these two 
processes which is based on the use of the angular distribution of the final photons. At 
ui 3> ujq, the final photons are almost parallel to the initial one so that $2,3 *C 1 where 
i? 2 = A k 2, fci) and $ 3 = Z(fe 3 , fei). It follows from Eq. (JSJ) that 



dW =^\M I 2 ^ 2 dd> q 



Using the expressions (|39l) . we have tabulated the ratio 



n= g^fjWg . (42) 

+ dW 3 , 



The result of this tabulation at x = 1 is shown in Fig. [3j It can be seen that 1Z noticeably 
differs from unity at angles $2 such that $2 S> a/^o/^i- 

It is interesting to compare the amplitudes of photon splitting in a circularly polarized 
laser field with those in a linearly polarized field. In the latter case for 77 <§C 1 and fixed x, 
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the leading terms of the amplitudes are not zero for all odd n. This is due to the fact that 
a linearly polarized laser beam contains photons with both J z = +1 and J z — — 1. In this 
sense the situation reminds us of the properties of the polarization operator in the laser field 



30t ] . In the case of a linearly polarized laser field it is convenient to perform the calculations 
of the amplitudes in terms of the linear polarization of photons. Since the vectors k 2 and 
k 3 are almost parallel to ki, the azimuth asymmetry disappears. Therefore, we can choose 
A((f>) = a\A\ cos(cg>o</>) and we have x = V^i/V^ with £1 = eAi/m. The polarization of each 
photon is parallel either to ai or to a 2 so that our amplitudes coincide with the coefficients 
-RaiA 2 a 3 in Eq. (Q. Note that a 2 = x x a\ and thus a 2 is a pseudo- vector. Therefore, the 
nonzero amplitudes in the collinear approximation are those which either do not contain 
or contain twice the indices A = 2, namely, M n) m, M n ^ 22) M n>2 \ 2 , and M Uj22 i. Putting 
p n oc y/rj equal to zero in Eqs. (1201) and (T25]) and performing the integral over 0, we obtain 
the leading contributions of the amplitudes at rj <C 1 for a linearly polarized laser field 



+SV&>U> ) [2z lZ2 z 3 - v 2 v 3 {\ + t\) Zl + v 2 (l + t 2 2 )z 3 + vs(l + tl)z 2 



-4z/ 2 z/ 3 + u 2 u 3 (i + to(i + t 2 )(i + 1 3 )] } + g n (i) + Q n {-V 2 ) + G n {-U 3 ) 





-SV ( V(4> )v 2 v 3 (l - h) [(1 + t 1 )z 1 + 1 - t 2 t 3 ] | + <? n (l) ; 



+5I?i 2) (Vo)^3(l - t 3 ) [(1 + ^2 " ^2(1 " *lt 2 )] J + Gn(-V2) , (43) 
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where 

vSHy) = J s - 1 (y)-iJ« tl (y) 



my) = (i + i=^) J^M - i (i - J^M 



■ 2+1 coo el 

z 2 me x 



o 



= " 2 ^ 2 / <*» / du [1 - 2ti(l - tt)]e^Pf)W , 



(44) 



and the other notations are presented in Eq. (1401) . The amplitudes M n ^i\ are obtained 
from M n 212 by the replacement v% <-> ^3. In Fig. 4 we show the photon splitting rate W 
in a linearly polarized laser field as a function of the number n of laser photons absorbed. 
The rate has been calculated from the above amplitudes (|4"3l) with x — 1- The figure shows 
that, as the number n increases, the photon splitting rate decreases quite rapidly and in a 
non-perturbative way. 

The leading contributions to the amplitudes at x <C 1 have the form [see also Eq. (158"]) ] 

24 ~ 8 ~ 

Mi,iii = yJV, M 3> ni = --JV, 

13 ~ 13 ~ 

M lil22 = M li2 i2 = —A/" M 3il2 2 = M 3>2 i2 = ■ (45) 

5 15 

Note that at T) *C 1 there is a simple relation between the amplitudes of the photon 



splitting in a crossed field and those calculated in a linearly polarized laser field [TJJ. The 
amplitudes in a crossed field depend only on the parameter x while those in a laser field 
depend only on x m the leading approximation for 97 1 - In this case, it can easily be 
shown that 

<Sa 2 a 3 (X) = [ a° 2 S ?3 (X sin 0) • (46) 

Therefore, due to Parseval's identity, we have 

E I<2a 2 a 3 (x)| 2 = /" |l<A° 2 t(xsm0)| 2 • (47) 

For the same reason, in the case of a circularly polarized laser field the following relation 
holds 

E \ M ^L-M)\ 2 = E \ M tZl(x)\ 2 , (48) 

where the indices Oi denote the helicities of the external photons. We emphasize that Eq. 
£8]) is not valid without the summation over ov This is because the rotational symmetry 
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around the vector >c is absent in a crossed field (see discussion below Eq. (1271) ). as is the 
conservation of the projection of the total angular momentum J z . Therefore, it is impossible 
to obtain the amplitudes Mn^l 2 cr 3 (x) hi a circularly polarized field from those in a crossed 
field by using any Fourier transformation as it was done in Eq. ( 1461) . 

Now, at x ^> 1 the asymptotics (1591) obtained for the circularly polarized field read 



{pi pi ^ w 

\ duu I T — [4(2:1 + z 3 )tjj + z 1 z 2 z 3 - v 2 v 3 Z\ 
Jo Jo W /A 



+u 2 z 3 + v 3 z 2 t\ - U 2 U 3 {1 + tj)] + - 



{pi pi 
/ duu -j— [4(2:2 + z 3 )4> + z x z 2 z 3 - v 2 v 3 z x t\ 
Jo Jo W 1 



2,1 "^(V 3 )/ 1/3 . 1/3, 



+V2Z3 + v 3 z 2 - v 2 v 3 {\ + t x )\ - 5r ( 2 /3) W + v, > 



M 3i+ __ =K I duu I -~—{ziZ 2 z 3 - v 2 v 3 z x t\ + v 2 z 3 t\ + v 3 z 2 t\ + 2u 2 u 3 tit 2 t 3 ) ,(49) 
Jo Jo W 1 



where 

me 3 (6x) 1/3 e^ /6 r(l/3) 



24V2 



71 



2 



1 



ip = x\x\ + 2xix 2 x 3 {v 2 x 2 + ^3^3) + xl(u 2 x 2 - Z/3X3) 2 , 

Xi = 1 — u , x 2 = uw , x 3 = u(l — w) , (50) 

and z,- and are expressed via Xj as in Eq. (|4"U|) . Analogously, at x > 1 we find from Eq. 
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3]) for a linearly polarized laser field 

M nAU =Af n ( / duu -^—[4(zi + z 2 + z 3 )-if) + 2z 1 z 2 z 3 -u 2 u 3 (l + tl)z 1 + u 2 (l + tl)z 3 
\ Jo Jo ib l A 



+v 3 (l + tl)z 2 - 4v 2 v 3 + v 2 v 3 {\ + tl )(l + t 2 )(l + f 8 )] + f^|(l - 4 /3 - 4 /3 )J 5 

M nA22 = Af n (^^ duu jf - z/ 2 z/ 3 (l - ti) [(1 + + 1 - t 2 t 3 ] } + 8 5 p^3^ J 

I f 1 f 1 d 

M n>212 =N n { / duu -j— {4^ + u 3 (l-t 3 )[(l + t 3 )z2-v 2 (l-tit 2 )]} 
\ Jo Jo ip^l 6 

8r 2 (l/3) i /3 \ me 3 (6x) 1/3 e^/ 3 r(l/6)r(n/2- 1/6) 



5r(2/3) _Z/2 )' Nn 2 5 /6727r5/2r(n/2 + 7/6) ' (51) 

The dependence on n in these expressions is contained in the coefficients M n which at large 
n rapidly decrease as n -4 / 3 . Instead, the dependence of the amplitudes on the parameter x, 
both for a linearly and a circularly polarized laser field, is weak and proportional to x 1 ^ 3 - 



C. Amplitudes for large r/ and fixed £ = x/v 



The structure of the photon splitting amplitudes at large r] and fixed £ = x/v is rather 
interesting because the function G(v) introduced in Eq. ( 134"1) and which enters the contri- 



(2) 

but ions 

,<ti<t2o-3 has the form 



im(e 3 
8y/2- 



7T Z 



log 2 



4t](-u - iO) 



, f°° , „sin!?e iM , 

-AiX l d-d log 

Jo & 



-4 

i+e 



1 + £ 2 (1 - sin 2 tf/tf 2 



(52) 



with A = sign(z/), and therefore contains different powers of log r\ as well as some functions of 
£ 2 . However, when we add the corresponding asymptotics of mf { ^ 1CT2CT3 which is the leading 
term in the limiting case under discussion, any dependence on rj and £ is cancelled out 
and we obtain the high-energy asymptotics of photon-photon scattering in vacuum 34]. 
Therefore, analogously to the case of photon-photon scattering in vacuum, the high-energy 
asymptotics of the amplitudes of photon splitting in a laser field is independent of the energy 
of the initial photon as well as of the parameter £. More precisely, these statements are valid 
for any value of £ which satisfies the inequality £ 2 <C r\. 
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VII. POSSIBILITY OF EXPERIMENTAL OBSERVATION OF PHOTON SPLIT- 
TING IN A LASER FIELD 



We now discuss the possibility of experimental observation of photon splitting in a laser 
field. It is natural to consider the principal scheme of the experiment which was used in the 
first successful observation of photon splitting in a Coulomb field 3|. In this experiment 
a tagged photon beam was used and the energy of each final photon was measured by 
a calorimeter. It was necessary to confirm two-photon events, and the distance d between 
photons in the calorimeter was about one centimeter. Assuming a distance I ~ 25 m between 
the calorimeter and the interaction region between tagged photons and laser field, then the 
angles $2 = Z(fe2, fei) and $3 = Z(k 3 ,ki) have to be larger than 4 = 4 x 10 -4 rad. At 
uj\ ^> ujq the final photons are almost parallel to the initial one so that $2,3 <C 1. It follows 
from Eq. (1301) that in this limit 



tf 2 = 2 A /— , #* = 2J^. (53) 
uj x v 2 V ^1^3 



If, for instance, v-i > 1/3, then for n = 1 



For the planned photon energy of the X-FEL at DESY [26], with uio — 1 keV, the latter 
condition becomes uj\ < 25^3/^2 GeV and is not restrictive. Then, we can essentially reduce 
I or cji, or increase $o- The planned intensity of the X-FEL is about 2 x 10 15 W/cm 2 
corresponding to E/E c pa 10~ 7 and £ ~ 5 x 10~ 5 . In this case, the amplitudes of photon 
splitting coincide with those of photon-photon scattering. Therefore, it is convenient to 
choose iO\ = m 2 /ujQ = 250 MeV for which rj — 1. This value of 77 corresponds to the 
threshold of electron-positron pair production and therefore the background initiated by 
this process will be strongly suppressed. Besides, at 77 = 1 the cross section ofphoton- 
photon scattering is almost maximal and is given by o ~ 10 -30 cm 2 (see e. g. [l6j on pg. 
572). Now, from Eq. fl33|) we find W ~ 60 sec -1 . The X-FEL pulses will have a duration of 



about 100 fs and the interval between pulses will be about 93 ns. If we take, for example, a 
flux of 10 s tagged photons per second [35] , we obtain about two photon splitting events per 
hour. However, the very small laser beam-size makes this estimation essentially smaller. In 
consequence, the possibility of experimental observation of photon splitting in a laser field 
becomes problematic when using the X-FEL and the scheme of Ref. 

21 



We discuss now the possibility of using a very strong optical laser as that described 



in 



25]. In that case ujq = leV, and the laser intensity will be of order of 10 25 W/cm 



2 



corresponding to E/E c « 4.6 x 10~ 3 . For a value of the angle $0 = 10~ 4 we obtain, e. g. 
for z/ 3 /z/ 2 = 1/4, approximately 100 MeV as the upper limit for For these parameters we 
find 77 = 4 x 10 -4 and \ = 0.9. Therefore, we have to use Eq. (1391) but not the asymptotics 
(|38|) because high-order corrections in \ are important. Using the numerical results shown 
in Fig. [2] we obtain W = 4 x 10 8 sec^ 1 at \ = 0-9- Though the value of W is very large, 
the duration of each pulse is 10 fs and the laser repetition rate is only 1 Hz [25]. For a total 
flux of 10 8 photons per second [35] and for an electron bunch revolution frequency equal to 
1 MHz in the accelerator, we obtain an average number of tagged photons per pulse equal 
to 100. If all the photons pass through the laser pulse, we obtain again approximately two 
events per hour. However, the transverse beam size of a focused optical laser is even smaller 
than that of an X-FEL and the reduction due to the tagged and laser beams overlapping is 
larger. 

Our negative conclusion about the possibility of observing photon splitting in a laser 
field when using the scheme discussed is mainly due to the short duration and small size 
of the laser beam as well as to the small flux of tagged photons. On the one hand, short 
and focused laser beams are closely coupled with large intensity of the laser pulses. On the 
other hand, the use of tagged photons, which essentially restricts the statistics, is needed 
to suppress the large background due to many other processes (double Compton scattering 
with the experimental equipment like collimators, bremsstrahlung accompanied by e + — e~ 
pair production and so on). Of course, we cannot exclude the existence of other schemes of 
the experiment that avoid the difficulties pointed out in this Section. 



VIII. CONCLUSIONS 



In conclusion, we have derived compact expressions for the amplitudes of the photon 
splitting process in a plane wave of arbitrary form, intensity and polarization (see Eqs. 
(120]) and (1251) ). In the simpler case of a monochromatic circularly polarized laser field, 
the amplitudes have the form of three- fold integrals (see Eqs. ( I34l) and ( J36l) ). Moreover, we 
analyzed in detail various asymptotics of the amplitudes in the case of a monochromatic wave 
with linear or circular polarization. We have demonstrated that the angular distribution 
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of the probabilities corresponding to different numbers of absorbed photons is noticeably 
different; this permits us the distinction between these processes for the case where the laser 
photon energy is less than the accuracy of the final photon energy measurement. 

The photon splitting amplitudes depend on the two Lorentz-invariant parameters rj and 
X- For arbitrary values of these parameters, the amplitudes both in the case of a circularly 
and a linearly polarized laser field are not equal to zero for any (odd) number n of absorbed 
laser photons. This is because the angle between the two final photons is not zero and the 
conservation of the projection J z of the total angular momentum (in the case of a circularly 
polarized laser field) does not imply any restriction. However, we have shown that in the 
limit of small r\ the leading contribution to the amplitudes for a circularly polarized laser 
comes from the terms with n — 1 and n — 3, while for a linearly polarized laser field the 
leading contributions contain the terms with any odd n. 

Finally, we have demonstrated that the scheme previously employed in the experiment of 
photon splitting in an atomic field together with new generation X-FEL sources and strong 
optical lasers is not suitable for the corresponding experiment in a laser field. Therefore, it 
is necessary to find another more appropriate experimental configuration to observe photon 
splitting in a laser field. 
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APPENDIX: COEFFICIENTS FOR THE HELICITY AMPLITUDES 



Here we present the coefficients -Bj> l0 - 2 o-3 used in Eq. ( 1361) . We introduce the abbreviations 

_ Sj _{rx-T 2 )h . (ri+r 3 )/3 , _(t 2 -ti)/ 2 (n - r 3 )/ 3 

S 2tit 2 2tit 3 " 27iT 2 2tit 3 

d fa + Ti)f* fe = di + da+ (r 2 + r 1 )/ 2 + (r 1 -r 3 )/3 

2TiT 2 2TiT 3 - 2T172 2TiT 3 

g 1 = — -l-ih, g 2 = - 1 - 2if 2 + %v 2 h , g 3 = — - 1 - 2if 3 + iv 3 h . (A.l) 
rjb rjb rjb 
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Then, the nonzero coefficients for the contribution M^ +++ are 

B 2 ,+++ = ^Pn £, 2 Xl {9293 + Z^M?) , 



Bi,+++ = 4£ 3 [g{g 2 g 3 + v 2 v 3 g\d\ + {v 3 g 2 + v 2 g 3 ) \h\ 2 - iu 2 u 3 h*(h 2 + dj)] 

,2 C ( x i92 . x 3 g 3 \ 4i£ 
-4p n ^i + +id 1 \ - — {g 2 + gs) , 

\ V 3 V 2 I D 



(Jl{ X ^ + X J^) + i g ld 1 + h*d 1 + 

• v 3 v 2 ) \ u 3 u 2 



| plxi(Ax 2 x 3 - 1) 4ip„ /a^ ^3 
z/ 2 z/ 3 5 ^2 



^ 2+ ^3 )|/i|2 



+++ — 



[(4x 2 x 3 - 1)^* + i/i*] , 



(A.2) 



(3) 

The nonzero coefficients for the contribution M„ | + _ are 

#!,++- = ^[(4^2-1)^ + ^/1], 
^3 



5 ,++- = 4p n £ 2 



#2 



3; 25 , l * \ -T* 77* I X 2 I I , r 

£i# 3 - 25^3 - z/ 2 /id 3 + z/ 2 h XiZ/ 3 ] 

v 3 J 



p 3 X3(4xix 2 - 1) 4ip 



^2^3 



+ 



x 1 - 



X2 
"3 



++- 



4£ 3 [-g&g; + Mvtfl - gd\h\ 2 + v 3 g 2 df - iv 2 v 3 h{h* 2 + d* 2 )] 



V 2 V ^3 / «~> 



2,++- 



4p„£ 2 £ 3 



^2 



(A.3) 
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(3) 

Finally, the nonzero coefficients for the contribution M„ \ are 



B 



o,+- 



B-i,+- = p\t 



Ax 2 x 3 - 1 „ 4xix 2 - 1 * 4xix 3 - 1 „ 

92 9 3 



^2^3 



V-2 



-2i(l - 2xi)dJ + 



2i(l-2x 3 )- , 2i(l-2x 2 ) J1(( 



"2 



^3 



-!■; / * . Si 1 I :■!: J :|: I'l' 

^1#2#3 - #1 —^2 + — #3 + + ^2«3 + %«2 

^3 ^2 



+XiZ/ 2 Z/ 3 df + —d? + —d? + V 2 d\d\ + V Z d\d\ - d* 2 d* 3 
v 3 v 2 



B-3,+— = ^{gl9l9l + Wzgtd? - v 3 g* 2 d? - v 2 gldf + 2iv 2 v 3 d\d\dl) . (A.4) 



(3) (3) 

The coefficients for the amplitude M„ +_ + can be obtained from by the replacement 

2^3. The coefficients for the amplitudes M^l_ , M^_ + _ and M^_ ++ can be obtained 

with the help of the substitutions 



Bj_ ++ = -B*_ jt+ __(S -> -S) , B jt _ + _ = -B*_ j+ _ + (S -> -S) 



B, 



-B*_ jt+++ (S -> -S) 



(A.5) 



where the replacement S — ► — S 1 means that after complex conjugation, it is also necessary 
to change the sign of the terms containing S in Eqs. ( 1A.2I) . HAM and ( 1A.4I) . 
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FIG. 1: Feynman diagram for the photon splitting amplitude given by Eq. ([2]). This diagram 
corresponds to the Furry representation and the thick line denotes the electron propagator (Green's 
function) in the laser field. The wavy lines symbolize the external photons. The diagram with the 
permutation k-z <-> k% has to be added. 
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FIG. 2: The photon splitting rate W in a circularly polarized laser field in units (7r 2 m 2 'a 3 / 'u\) x 10~ 4 
as a function of x at 77 <S 1. The solid line is obtained by using the amplitudes (|39p . the dashed 
line is based on the small- x asymptotics (|38p . The rate is averaged over the polarization of the 
initial photon, summed up over the polarizations of the final ones and integrated over V2 and 4> q . 
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FIG. 4: The photon splitting rate W in a linearly polarized laser field in units (-7r 2 m 2 Q 3 /u>\) x 10 
as a function of the number n of laser photons absorbed. The rate is calculated from the amplitudes 
in Eqs. (|43p with % = 1, is averaged over the polarization of the initial photon, summed up over 
the polarizations of the final ones and integrated over V2 and (j) q . 
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